We consider the probability distribution of large deviations in the spin-glass free energy for the Sherrington-Kirkpatrick mean field model, i.e. the exponentially small probability of finding a system with intensive free energy smaller than the most likely one. This result is obtained by computing Φ(n, T ) = T Z n /n, i.e. the average value of the partition function to the power n as a function of n. We study in full details the phase diagram of Φ(n, T ) in the (n, T ) plane computing in particular the stability of the replica-symmetric solution. At low temperatures we compute Φ(n, T ) in series of n and τ = Tc −T at high orders using the standard hierarchical ansatz and confirm earlier findings on the O(n 5 ) scaling. We prove that the O(n 5 ) scaling is valid at all orders and obtain an exact expression for the coefficient in term of the function q(x). Resumming the series we obtain the large deviations probability at all temperatures. At zero temperature the analytical prediction displays a remarkable quantitative agreement with the numerical data. A similar computation for the simpler spherical model is also performed and the connection between large and small deviations is discussed.
I. INTRODUCTION
The theory of disordered systems is mainly concerned with predictions regarding the most likely behavior, but it is also interesting to develop techniques to compute the probability distribution of rare events, i.e. the probability of finding systems that have properties different from the typical ones. There are various motivations:
• We may have a special interest in those systems with a behavior different from the most likely one; for example in constraint optimization problems, in the region where it is impossible to satisfy all the constraints in the most likely system, there is a great interest in computing the properties of those rare systems where we can find a configuration that satisfies all the constraints [1] .
• The properties of large fluctuations may be related to other more interesting properties of the system. For example given an intensive quantity A J that depends on the system J of size N , in the large deviation region for large N we usually have that P N (A) ≈ exp(−N L(A)). It is quite common that there are relations among the behavior of P N (A) in the region where the probability remains finite when N goes to infinity and the behavior of L(A) near the point where L(A) = 0. In other cases [2] the techniques used to compute large deviations are the same used to compute other important quantities like (in finite dimensional spin glasses) the typical difference of the energy with periodic and antiperiodic boundary conditions. Besides sample to sample fluctuations have been recently shown to be related to chaos in spin glasses [3] .
• We notice also that the comparison between analytic predictions in the large deviations region and numerical or experimental data could be important as a clear-cut test of the theoretical approach used to compute the most likely properties.
Unfortunately even in the simplest non-trivial case, i.e. the Sherrington-Kirkpatrick (SK) infinite range model for spin glasses, there is no consensus on the results of such a computation. Everybody agrees that as a first step we need to compute in the large N limit the thermodynamic function
where different systems (or samples) are labeled by J, Z J (β) is the partition function and the bar denotes the average over different disordered samples. It is well known that the probability of large deviations is related to the function Φ(n, β). Indeed exp(−βnN Φ(n, β)) = Z J (β) n = exp(−nN βf J (β)) ,
where f J is the system-dependent free energy per spin. The region of positive n corresponds to fluctuations where the free energy is smaller than the typical one and the region on negative n corresponds to fluctuations where the free energy is larger than the typical one.
There is a disagreement in the literature on the strategy we should follow to compute Φ(n, β). In the n → 0 limit the computation can be done using the broken replica symmetry ansatz (that is known to give the exact result), where it coincides with the most likely free energy Φ(0, β) = f typ or equivalently with the average equilibrium free energy f eq = f typ .
For n > 0 Kondor [4] in 1983 presented a first computation of Φ(n, β) in the region near T c using the most natural ansatz for replica symmetry breaking (RSB) obtaining in the region of positive n Φ(n, β) = f typ + c 5 n 5 + O(n 6 ) .
The result of Kondor was surprising: in the general case all powers of n are present in the Taylor expansion of Φ(n, β) and for most of the systems we have Φ(n, β) = f typ + A 1 n + O(n 2 ), that is the typical situations for a Gaussian distribution of the free energy. The absence of the powers from n 1 to n 4 is due to cancellations and it was not clear if they were present only near the critical temperature. This form of the large deviation function implies that the probability distribution for f near (and smaller than) f typ is of the form
where a 6/5 = 5β6 −6/5 |c 5 | −1/5 . The above relationship is valid for a small negative value of the free energy difference ∆f = f − f typ that remains finite in the thermodynamic limit. However it has not been possible to test directly Kondor prediction because presently all numerical data concern the fluctuations of the ground state energy, i.e. the system is at zero temperature. Indeed at zero temperature the free energy coincides with the internal energy and the numerical data are cleaner due to the absence of thermal noise. Instead many efforts have been concentrated on the scaling of the small deviations of the free energy. Indeed based on Kondor's result and a matching argument (see discussion below) it was suggested in [5] that the small deviations from its mean of the free energy per spin scale as N −5/6 . This prediction has been put to test in a series of numerical works [6, 7, 8, 9, 10, 11, 12] and although all estimates are smaller than 5/6 nobody has claimed that this value is definitively ruled out. More recent results strongly indicate that the fluctuations of the internal energy per spin at finite temperature scale as N −5/6 , thus confirming the exponent obtained from [13] . However it was difficult to test the theory in absence of a quantitative prediction (the only prediction being on the exponent, a quantity that it is rather difficult to measure in a reliable way). Furthermore, the potential Φ(n, beta) is naturally related to large deviations while the matching argument connection with the small deviation exponent is not rigorous, see discussion below.
More recently a different RSB ansatz was proposed by Aspelmeier and Moore [14, 16] , who found Φ(n) = f typ ; in their approach the probability of large deviations goes to zero faster than exp(−L(f )N ) and the matching argument cannot be used to infer the small deviations exponent. Indeed there is a general agreement that for negative n Φ(n) = f typ and P N (f ) goes to zero faster than exp(−CN ) as soon f > f typ . Recent results [27] show that in that region we have
) were the function L 2 (f ) can be computed through the replica method. This O(N 2 ) scaling of the logarithm of the large deviations probability in the positive ∆f region is also observed in the spherical model where it has been recently derived using random matrix theory [17] .
We have concentrated on large deviations in the region f < f typ , that corresponds to positive n. We have followed Kondor's approach and extended his computation to all temperatures, including T = 0; in this way we have obtained an absolute prediction for the large deviations distribution. Comparing our analytic results with the numerical simulations performed at zero temperature we found a remarkable agreement. We have worked in perturbation theory assuming small τ = T − T c and small n and used appropriate resummation techniques to extend the computation down to zero temperature. We have also verified analytically that the O(n 5 ) scaling holds at all orders in perturbation theory and obtained an exact relationship between the corresponding coefficient and the derivative at x = 0 of the standard q(x) function.
We also found that the alternative approach [14, 16] that predicts Φ(n) = f typ for both negative and positive values of n cannot be valid for large positive n and there are no compelling reasons for which it should be valid at fixed positive n when N goes to infinity. This is in agreement with the results coming from an exact analysis: for positive values of n Talagrand [18] was able to show rigorously that Kondor's approach gives the correct results.
The paper is organized as follows. In section II we introduce the functionals and the saddle point equations.
In section III we discuss the Replica-Symmetric (RS) solution and its stability, we compute the DeAlmeidaThouless line in the (n, T ) plane and we discuss the behaviour of the sample complexity above the critical temperature. In section IV we discuss the sample complexity in the low temperature phase and compare it with the numerical data. In section V we present a similar treatment of the spherical model, which being RS is considerably simpler. In section VI we discuss the connection between large and small deviations. In the last section we give our conclusions. In appendix A we report the power series of Φ(n, T ) up to the 18th order. In appendix B we present an analytical argument to prove that the O(n 5 ) scaling is valid at all orders in perturbation theory and an exact relationship between the coefficient and the derivative dq/dx in x = 0. A brief report on these results has been given in [19] .
II. SAMPLE COMPLEXITY
We define the large deviation function for the free energy, L(f ), (that we will call in the following the sample complexity because it is related to the number of samples with free energy equal to f ) as the logarithm divided by N of the probability density of samples with free energy per spin f in the thermodynamic limit:
For large N the majority of the samples has free energy per spin equal to f typ , and all other values have exponentially small probability. Consistently L(f ) is less or equal than zero, the equality holding f = f typ , i.e. L(f typ ) = 0. For some values of f it is possible that L(f ) = −∞, meaning that the probability of large deviations goes to zero faster than exponentially with N . In the thermodynamic limit the function Φ(n, β) defined in eq. (1) yields the Legendre transform of L(f ) [5] , indeed we have:
where f is determined by the condition:
and equivalently we have:
where βn is determined by the condition:
Note that at any finite N , nΦ(n) is also the generating function of the cumulants of the distribution of the free energy.
In the Sherrington-Kirkpatrick model at low temperatures the replica symmetry is spontaneously broken for the generic system, i.e. in the n → 0 limit. One knows that at high positive values of n, replica symmetry is not broken [20] . Therefore for positive n one must distinguish two regions in the T − n plane separated by the so called de Almeida Thouless (dAT) line, see fig. (1) . In the region above the dAT line, the phase is replica-symmetric, while replica symmetry is broken below.
III. THE REPLICA-SYMMETRIC PHASE
In the Replica-Symmetric (RS) region the order parameter is the overlap q. The corresponding value of the potential Φ(n, q) is given by
The overlap q can be computed by solving the equation ∂Φ(n, q)/∂q = 0 that yields: The search for solutions with q = 0 of equation (10) at given T and n was done integrating numerically the r.h.s. for different values of q and checking if the corresponding curve y = y(q) crosses the line y = q.
In the high temperature region T > 1 the solution in the n → 0 limit is replica symmetric with q = 0. For small n there is no other solution, therefore Φ(n) = f RS ≡ −β/4 − ln 2/β. At n = n * (T ) a new solution appears, but it has a value of Φ RS,q =0 (n) larger than f RS and must be discarded (Φ(n) must be a continuous function of n). As soon as n > n * (T ) the solution bifurcates into two solutions q > (n) > q < (n) with the largest solution having a smaller value of Φ(n) than the other. Increasing n we cross the line n = n c (T ) > n * (T ) where Φ RS,q> (n) = f RS and the RS solution q > (n) becomes the physical solution for all n > n c (T ). Summarizing the behaviour of nΦ(n) as a function of n in the high temperature phase is:
where ∆n ≡ n − n c and we have omitted the dependence on the temperature of f RS , n c and f RS,qc ≡ ∂nΦ/∂n| n=n
. At n = n c the order parameter jumps from zero to q c ≡ q > (n c ), the free energy turns out to be discontinuous too: f RS,qc < f RS . Thus as a function of n nΦ(n) has a first order transition at n = n c (T ), see fig. (1). This peculiar behaviour of Φ(n) reflects itself in the following structure of L(f ) as follows from eqs. (6, 7, 8, 9) :
To understand this double-peak behaviour of L(f ) it can be useful to think of the Random-Energy-Model (REM) [22] . In the typical sample the number of energy levels with energy E is proportional to exp(N ln 2−N E 2 ) and there are no levels outside the band (− √ ln 2, √ ln 2). In the high-temperature phase the energy of the typical sample is given by the point where the derivative of (ln 2 − E 2 ) is equal to β, i.e. E = −β/2 and the critical temperature is given by β c = 2 √ ln 2. The free energy is given by F = −β/4 − ln 2/β. Now in order to reduce the energy of such a sample at fixed β < β c one should modify the structure of the energy levels. One can see that any modification of the global shape of the distribution of the N energy levels has a prohibitive price with a probability O(exp[−2 N ]), nevertheless one could instead pull a level out of the band with a cost in probability O(exp[N ]). Normally the energy of the lowest level is − √ ln 2 which is larger than the free energy of the levels with energy −β/2. Thus a small modification of the lowest level will not have any effect on the total free energy that will be still dominated by the levels with E = −β/2. Only when the energy of the lowest level becomes smaller than −β/4 − ln 2/β the thermodynamic of the sample is dominated by the lowest state and the energy jumps abruptly from E = −β/2 to a lower value E = −β/4 − ln 2/β.
Coming back to the SK model we observe the following behaviour of n c (T ) and q c (T ) approaching the critical temperature:
Therefore at the point (T = T c , n = 2) the discontinuity in the free energy vanishes and it represents the end-point of a the line n c (T ) of first order phase transitions. More precisely near the critical point T = T c and n = 2 we have at leading order in τ = T c − T < 0:
B. At the Critical Temperature
On the line T = 1 we have Φ(n, T c ) = f RS,q=0 (T c ) = −1/4 + ln 2 for n < 2 while for positive ∆n ≡ n − 2 the solution is still RS but with a non zero value of q; at leading orders we have:
Note that at the critical temperature the range where the sample complexity is finite touches f RS , and L(∆f ) = 2∆f + O(∆f 2 ). This behaviour is interesting in connection with the problem of the small deviations of the free energy as we will discuss below.
C. The low-Temperature Replica-Symmetric Region
On the straight line that connects the point (T = 1, n = 0) and (T = 1, n = 2) the potential Φ(n) has also a phase transition, see fig. (1) . On the right of this line we have q = 0 and Φ(n, T ) = f RS,q=0 (T ) = −β/4 + ln 2/β. On the left the solution is still RS (except for n = 0, see below) and the parameter q has a continuous transition. At the leading order in τ = T c − T we have (for n < 2 and 0 < τ ≪ 2 − n):
Note that the physical Φ(n, T ) is equal to f RS,q=0 (T ) = −β/4 − ln 2/β at any temperature for n = 1, while it is larger for n < 1 and smaller for n > 1. The above expansion in powers of τ breaks down at n = 2. On the n = 2 line the RS solution satisfies the exact equation:
this leads to the following behaviour at leading order in τ
On the other hand near n = 0 the RS solution is inconsistent, indeed for convexity the function nΦ(n) must have a negative second derivative with respect to n but this condition fails at any τ for sufficiently small values of n. According to eq. (16) we have for small positive τ :
thus this quantity goes to zero for small n and we have to take care of the O(τ 4 ) term. Taking into account the O(τ 4 ) term and expanding in powers of n we have:
from the above equation we see that for n < 2τ /3+O(τ ) 2 the second derivative of the nΦ(n) would be positive and the solution inconsistent. Thus in the (βn, T ) plane there is a line n conv (τ ) = 2τ /3 + O(τ ) 2 below which the RS solution is inconsistent for convexity reasons and cannot be the correct one. In the following we will see that actually the RS solution becomes unstable and should be discarded below a line n dAT (τ ) = 4τ /3 + O(τ ) 2 which is above the line n conv (T ).
In the low temperature phase the replica solution is unstable at small values of n as the replicon eigenvalue becomes negative [21] . Similarly to the stability of the RS solution in the magnetic-field/Temperature plane, in the (n, T ) plane the region of stability is above the deAlmeida-Thouless (dAT) line that is specified by the condition:
For small τ = 1 − T the value of n on the dAT line is
while in the zero temperature limit q goes to unity and we have:
Note that n dAT vanishes in the zero-temperature limit but in the (T, nβ) plane the dAT line never touches the T = 0 line and the sample complexity L(e) at T = 0 is always in the RSB phase, see fig (1 ). On the other hand this show that at any fixed n > 0 the system exit the RSB phase at low enough temperature and the solution is always RS at zero temperature. In figure ( 2) we plot the potential Φ(n, T ) on the dAT line, it goes to minus infinity at low temperature as:
Note that the second term gives a vanishing correction that can be rather large at finite temperature.
D. The Large n Limit
At any finite temperature Φ(n) is described by the RS solution at large values of n. Both above and below the The potential Φ(n, T ) vs. temperature at equilibrium (n = 0) (solid) [24] and on the dAT line (n = n dAT (T )) (dashed), for small τ = Tc − T the difference is
The Potential on the dAT line diverges as −βn dAT (T )/4 − ln 2/βn dAT at low temperatures.
critical temperature, the behaviour of Φ(n) for large values of n is Φ(n) = −βn/4 − ln 2/(βn) + O(e −2βn ). This leads to L(f ) = −f 2 +ln 2+o(1) for large negative f , note that this is the same behaviour of the Random-EnergyModel (REM) [22] .
IV. THE REPLICA-SYMMETRY-BREAKING PHASE
Below the dAT line n < n dAT (T ) we must break the replica symmetry. As we can see in fig. ( 2) Φ(n) on the dAT line is smaller than the most likely free energy (f typ ) that is Φ(n) at n = 0 at the same temperature, in particular Φ(n dAT ) diverges as −βn dAT (T )/4 − ln 2/βn dAT at low temperatures while for small
On the other hand being a convex function Φ(n) must be continuous, therefore we must look for a free energy that shows some dependence on n also below the dAT line and the one suggested by Kondor is the most natural one.
We recall that in Kondor's approach for n < n dAT (T ) < 1 one introduces a function q(x) defined for n ≤ x ≤ 1 that describes the breaking of replica symmetry in the low temperature phase. A functional F n [q] is obtained such that Φ(n) = max q F n [q]. The function q(x) that maximizes F n [q] can be found by solving the stationarity equation δF/δq(x) = 0. This generalizes the standard approach that is proved to give the correct value of Φ(n) in the n → 0 limit.
The form of the free energy functional is the usual one [21] , the only difference being that all functions are defined in the interval n ≤ x ≤ 1:
the function f (x, y) obeys the following equation:
where dots and primes mean respectively derivatives with respect to x and y. The initial condition is
The above functional has to be extremized with respect to the function q(x). A set of variational equations can be obtained introducing Lagrange multiplier P (x, y) to enforce equations (26) and (27) [24, 25] , the resulting equations are:
These are the same equations of the standard n → 0 case, the only difference is in the initial condition for P (x, y) that reads:
where c is a normalization constant in order to have P (x, y)dy = 1. Since Φ(n) is extremized with respect to q(x), the conjugate variable f can be obtained as the derivative of the nΦ(n, q(x)) evaluated at the saddle point:
(32) where the square brackets represent average with respect to the measure dµ = exp(−(y − h) 2 /2q(n) + βnf (n, y)). We have solved the RSB equations and computed q(x) and Φ(n, β) as power series of n and τ = 1 − T [24] ; the power series of Φ(n) up to 18th order is reported in the appendix. Kondor originally used the so-called truncated model valid near the critical temperature and he found that Φ(n) = f eq − 9n 5 /5120 [4] . At all orders considered we have confirmed that the lowest power of n in the expansion of Φ(n) is n 5 and that there is also no n 6 term. We have verified by an expansion in powers of n at fixed temperature that the first term in Φ(n) is of O(n 5 ) at all temperatures as follows from an analytic argument presented in the appendices. This result is also related to the behaviour of the free energy functional with increasing number of RSB steps [28] . An alternative argument can be done using the expansion of the replicated free energy functional F [Q ab ] [21] in powers of the n × n matrix Q ab , at least for powers less than 10, where one can use the explicite form of the terms. The expressions become more complex when the power of Q become larger or equal to 10.
For negative n the saddle point of the Φ(n) is the standard q(x) corresponding to n = 0, thus Φ(n) = f eq for n < 0 [23] . The corresponding sample complexity as a function of ∆f = f − f typ reads:
Where a 6/5 = −5β|c 5 | −1/5 6 −6/5 and c 5 is the coefficient of n 5 in the expansion of Φ(n). The function q(x) has a small plateau from n to some value x c . For x c < x < 1 q(x) has the usual shape, more precisely deviations of q(x) from q f ree (x), i.e. the solution corresponding to n = 0, are O(n 5 ) in this region. We note that q(x) is always continuous at the end-point of the first plateau x c . At the leading order in n we have:
q(x) = q f ree (x) + O(n 5 ) for x c < x < 1 whereq(0) is the derivative of q f ree (x) in x = 0. Note that the above expression are valid at all temperatures since they have been obtained from the fixed temperature expansion in powers of n reported in the appendices. We have also verified directly these features of q(x) at the order to which we computed the expansion in n and τ . It is interesting to note that from the third order on, all derivatives of Φ(n) (with respect to n,T and both) are discontinuous on the dAT line i.e. the transition is third order. This is the same behaviour of the free energy on the dAT line in the (h, T ) plane [29] .
When β → ∞ the complexity L(f ) goes to a welldefined limit therefore from eq. (6) Φ(n) is actually a function of βn [32] , as a consequence the coefficient c a of n a in the power series of Φ(n) diverges as β a in the zero temperature limit.
The series in power of τ of c 5 (the n 5 coefficient in Φ(n)) can be used to obtain its behaviour in the whole low temperature phase provided one uses the information that c 5 ∼ β 5 in the zero-temperature limit. In figure 
whereq (0) is the derivative in x = 0 of the usual function q(x) for n → 0. The zero-temperature limit of Tq (0) is finite and was obtained resumming its expansion in powers of τ as .743 (2) in [24] . Recently a more precise estimate .743368 has been obtained working directly at zero temperature [28] , this gives lim β→∞ c 5 β −5 = −0.0057766. The zero temperature complexity for negative ∆e then reads:
The second term however yields a big correction to the first one, indeed: i) the exponents of the series grow slowly (as (6 + i)/5, i = 0, 2, 3, . . ., note that there is no n 6 term in Φ(n)) and ii) the coefficients of the series grow quickly with order, actually we expect the series to be asymptotic as is usually the case in this context [24] . Therefore in order to have a good control on L(∆e) we have adopted a method previously used in [24] to obtain q(x, τ ) from its series in powers of x and τ . We have transformed the series of L(∆f ) in powers of ∆f and τ in a power series of just τ by setting ∆f = ( In fig. (4) we have plotted the function L(∆f ) at temperature T = .7 obtained by resumming the series of L (∆f (τ, c) ))/τ 6 by means of a Padé approximant of order (8, 5) (we have used the series of Φ(n) to 18th order reported in the appendix).
In figure (5) we plot the sample complexity L(∆e) at zero temperature. In the range of energy differences considered the deviations from the values yielded by L(∆e) = −1.63250 |∆e| 6/5 are no larger than 1%, this support the goodness of both estimates since they were obtained by different resummation schemes.
By resumming the series of Φ(n), (see below) we have been able to obtain the sample complexity in the whole low-temperature phase and for finite L(f ), in figure 5 we compare the sample complexity with the numerical data at zero temperature of Ref. [8] finding a very good agreement. For each system size N we have plotted L N = ln(P (∆e N )/N 5/6 )/N with ∆e N = e − e N (the average energy at size N ), we have used this definition so that L goes to a constant for ∆e N = 0. The errors on L N have been computed through error propagation and single events have been discarded to reduce the error. The quantitative agreement of the numerical with the theory is quite good.
In figure 6 we have also plotted the numerical complexity (from Ref. [8] ) as a function of the absolute value of the energy for different sample sizes at zero temperature. The data have been shifted vertically by an amount ∆ N so that the complexity vanishes at the typical energy E typ = −.7633. Since this certainly holds in the thermodynamic limit ∆ N goes to zero at large N . Note that for E < E typ the numerical data approach the theoretical prediction from below, this rules out the alternative prediction of Ref. [14] that yields L(∆e) = −∞.
V. ON THE MEAN-FIELD SPHERICAL SPIN-GLASS MODEL
The RS expression of Φ(n, T ) of the spherical model is [30] : 
The above expression has to be extremized with respect the parameters q and z. The phase diagram of the Φ(n, T ) in the (T, βn) plane is qualitatively similar to that of the SK model, see fig. (1) , except for the absence of the dAT line. In particular above T c = 1 the solution is paramagnetic (q = 0) for small n and does not depend on n,
at some temperature dependent value n = n c (T ) there is a first order transition. The line n c (T ) ends on the point (T = 1, n = 2), around that point it goes as n c (τ ) ≃ 2 + 3 √ −τ for negative τ = T c − T . The straight line from the point (T = 1, n = 0) to the point (T = 1, n = 2) divides the paramagnetic from the spin-glass (q = 0), at variance with the n c (T ) line, the parameter q varies continuously upon crossing this line. At all temperature the physical value of Φ(n, T ) is smaller than expression (35) for n > 1 while it is larger or equal to it for n ≤ 1.
Below the critical temperature only the spin-glass phase is present. The main difference with respect to the SK model is the absence of the dAT line in the phase diagram, meaning that the RS solution remains correct in the limit n → 0 [30] . The expression of Φ(n, T ) for T < 1 at small values of n is:
Note that again the linear term in n is missing and the sample complexity is non-Gaussian:
for ∆f ≤ 0(37) At zero temperature the energy of the model is equal to minus the largest eigenvalue of a Gaussian random matrix
The small deviation distribution of the largest eigenvalue of a Gaussian random matrix is given by the TracyWidom law F 1 (x) [31] in terms of the rescaled variable
where we have used x = 2N 2/3 |∆e| as follows from eq. (38). Thus eq. (37) and (VI) give the same prediction and there is perfect matching between small and large deviations. A similar matching has been also observed for positive deviations ∆e whose probability scales as exp[O(N 2 )], [17] .
VI. ON SMALL DEVIATIONS
In this section we discuss the connection between small deviations and large deviations of the free energy. The function Φ(n) is the natural object to describe the large deviations of f from its typical value. In [5] it was argued that it provides also information on the small deviations of the free energy arguing that they scale as N −5/6 . The probability distribution of the free energy per spin P N (f ) is concentrated near the typical free energy f typ in the large N limit. The small deviations corresponds to values of the free energy difference that have a finite probability P N (f ) = O(1) to be observed in the thermodynamic limit, that is a region near f typ that shrinks to zero in the thermodynamic limit. On the other hand the large deviations corresponds to the exponentially small tails of P N (f ) corresponding to O(1) values of the free energy difference. Thus in principle small and large deviations are fairly different objects and it may seems strange that one can determine the scaling of the peak from a large deviation calculation.
Typically the probability of the small deviations scales as lim
is a scaling function that does not depend on N , a is some positive exponent and f N is the N -dependent mean value of the free energy that converges to f typ as f N = f typ + N −b for some positive b.
The argument that connects large and small deviations is not rigorous and relies on the assumption that there is smooth matching between the behaviour of the peak of P N (f ) and the left tail corresponding to positive values of n. Under this assumption one argues that the region of the peak corresponds to values of the free energy difference (f typ − f ) such that the large deviation expression (4) is finite, this happens for (f typ − f ) = O(N −5/6 ) and leads to the aforementioned prediction a = 5/6. In other words the matching argument corresponds to the assumption that the function p(x) provides a good description of the distribution of the free energies up to free energies differences ∆f = O(1), i.e. far beyond its natural range of validity ∆f = O(N −a ). It is interesting to note that in order to characterize the small deviations one should take the n → 0 limit first and then the N → ∞ limit while the two limits have to be inverted to obtain the large deviations.
In the following we discuss what kind of quantitative information can be extracted from the thermodynamic limit of Φ(n) under the assumption that there is a smooth matching between small and large deviations.
The starting observation is that at any finite value of N , nΦ(n) is the generating function of the cumulants of the distribution of F . If in the thermodynamic limit Φ(n) = f typ + c a n a N −b one would consider the variable
, where F N is the average free energy at size N , and claim that the a − th cumulant of its distribution function f (x) is finite while all higher cumulants are zero. In particular in the high temperature phase we have Φ(n) = f typ + c a nN −1 and we would say that the fluctuations of F around its average value F N are normal with finite variance because all cumulants higher than the second vanish.
Extending this argument to the low temperature case one could say that all the cumulants greater than the sixth of the variable x = (F − F N )/N 1/6 vanish. This conclusion however is wrong because the function Φ(n) in the low temperature phase has a first order phase transition at n = 0 and the two limit N → ∞ and n → 0 cannot be exchanged in computing derivatives of Φ(n). The only exception is the zero-th derivative Φ(0) (the average free energy). This can be also understood noticing that by fixing n and taking the limit N → ∞ the actual value of x goes to infinity, therefore there is in principle no way to get information on the small-x region once the thermodynamic limit has been taken. However under the assumption of smooth matching between small and large deviations it is also natural to assume that the small deviations of the free energy behave for large negative x as:
In this context it is instructive to consider the REM at zero temperature [22] . The complexity as a function of ∆e ≡ e − √ ln 2 behaves as L(∆e) = −β c ∆e for ∆e < 0 (with β c = 2 √ ln 2) while L = −∞ for positive ∆e. Using the matching argument between small and large deviations we would conclude that the extensive energy has finite variance and that the behaviour of the rescaled variable x = N (e−e N ) for x negative and large is exp(−β c x), this prediction is consistent with the known fact that the small deviations obey the Gumbel law. However in order to recover the full Gumbel distribution of small deviations we should take the n → 0 limit first. Note also that the deviations of E from its mean E N (which is O(1) in this case) has nothing to do with the deviations of E N from its thermodynamic limit which is O(ln N ) in the REM [22] .
Another example of matching between small and large deviations is provided by the spherical model as discussed in the previous section.
On the other hand the very same SK model at the critical temperature seems to provide an example of the failure of the matching argument. Indeed above the critical temperature the sample complexity is −∞ for ∆f = 0 and has no role in the finite-size fluctuations of the free energy which instead are controlled by corrections to the q = 0 solutions [5, 15] . The free energy F has a finite variance that diverges for T → T c . Therefore it is expected that the free energy variance diverges with N at the critical temperature. Indeed extending the computation of Ref. [15] Aspelmeier has recently argued that the variance diverges logarithmically with N [3] . On the other hand at the critical temperature the range where the sample complexity is finite touches f RS , and L(∆f ) = 2∆f + O(∆f 2 ); therefore applying the matching argument one would wrongly conclude that the behaviour of the distribution of F is exp(2F ) for large negative F and that its variance remains finite. However we believe that the matching argument is correct for the SK model below the critical temperature and that its failure at the critical temperature can be explained noticing that there is a phase transition in the (n, T ) plane on the straight line connecting the point (0, 1) and (2, 0) and all the eigenvalues of Φ[Q ab ] vanish on this line.
VII. CONCLUSIONS
We have computed the function Φ(n, T ) of the SK model using the hierarchical ansatz and discussed its behaviour in detail both above and below the DeAlmeidaThouless line in the (n, T ) plane. In particular in the low-temperature phase we have confirmed at all orders Kondor's early result [4] on the O(n 5 ) scaling. The analytical argument provides an exact relationship between the coefficient of the n 5 term and the x = 0 derivative of the the standard function q(x). We note that the same approach provides a similar exact relationship betweeṅ q(0) and the O(h 10/3 ) term in the equilibrium free energy in presence of a magnetic field h. By resumming the series we have been able to obtain for the first time the sample complexity at zero temperature. Existing numerical data display a remarkable agreement with this prediction. We mention that the presence of a magnetic field reintroduces a O(nIn this appendix we consider the effect of a small plateau in the function q(x) at small values of x. Such a plateau in the function q(x) is present in two notable cases: i) when a magnetic field is present and ii) when the parameter n is finite. In both cases the perturbative solution in power series near the critical temperature shows that the dependence of the plateau and of the free energy on the small perturbations (i.e. the value of n or h) is anomalous: i) we have seen in the previous sections that the behaviour of Φ(n) at h = 0 is Φ(n) = f eq + O(n 5 ) and ii) it is well-known that the fourth derivate of the free energy (n = 0) with respect to the field is divergent f (h) = f eq (0) − h 2 /2 + O(h 10/3 ) [21, 29] . The origin of this can be traced back to the fact that the variation of the free energy in presence of a small plateau is a fifth order effect. Here we show that this can be proved at all temperatures.
We also note that the fact that the presence of a small plateau of eight q 0 gives an O(q 5 0 ) correction to the free energy provides further insight into one of the earliest observations on the RSB solution [26] , namely the fact that the corrections to the free energy due to using a finite number K of RSB steps decrease like K −4 . Indeed the function q(x) in this case is a set of K small plateaus with O(K −1 ) differences from the true solution and it is natural to expect the total free energy correction to be O(K −5 ) × K. We consider the variation of the free energy functional Φ(n, h, q(x)) as a function of n, h and q 0 under the assumption that q(x) is unperturbed for x > x plateau (where x plateau is such that q(x plateau ) = q 0 ) while q(x) = q 0 for n < x < x plateau . The main result of this appendix is the following expression valid at any temperature: Φ(n, h, q 0 ) − Φ(0, 0, 0) = − h Whereq(0) is the derivative of the Parisi solution q(x) in x = 0 for h = n = 0. The meaning of the last term is that this expression is valid at all temperature but at the lowest orders in h, n and q 0 . The first term −h 2 /2 yields the known result that the zero-magnetic-field susceptibility is equal to one in the whole spin-glass phase while the remaining terms are fifth order in q 0 in the sense that n = O(q 0 ) and h 2 = O(q 3 0 ). Extremizing the above expression with respect to q 0 at h = 0 we get:
and [33] Φ(n) = f eq − 9 640 (nβ) 5 (Tq(0))
Conversely, extremizing with respect to q 0 at n = 0 we get:
and f (h) = f (0) − h
